Abstract: Super-strong photonic localizations that occur in symmetric defect waveguidering networks (SDWRNs) are presented in this study. It is found that the intensity of maximal photonic localization can increase as an exponential function with the number of rings and as a power function with the breaking degree of a defect in SDWRNs. Compared with previous reported results, SDWRNs can generate stronger photonic localizations and possess simpler structures. The fitting formulas of the intensity have been obtained. Moreover, the intensity, site number, and site positions for the maximal photonic localization can be adjusted by changing structural parameters in SDWRNs. The study may provide attractive applications as multichannel high efficiency energy storages, narrow-bandwidth filters, optical switches, and other correlative optical devices.
Introduction
Since the discovery of photonic band gaps (PBG) in photonic crystals [1] , much attention has been paid to the investigation of PBG materials [2] - [11] . When electromagnetic (EM) waves propagate through PBG materials, they exhibit PBG and photonic localizations. This provides probabilities to control and manipulation the propagation of EM waves. Numerous optic devices like random lasers [12] , resonators [13] , narrow-bandwidth filters [14] , optical switches [15] , and multi-channel high efficiency energy storages [16] - [17] can be designed via light confinement from localization. Photonic localizations in quasi-periodic structures [18] - [19] and random structures [20] - [21] have been studied intensively. In photonic crystals with defect photonic localizations occur because of the local geometrical and permittivity variations [22] - [23] . Some special periodic geometries permit wave localization without the presence of any defect because of destructive wave interference [24] - [25] . The optical waveguide networks (OWNs), another kind of PBG structures, have been attracted great concern because of the structural flexibility [26] - [28] . Vasseur et al. investigated the defect modes in 1-D comblike photonic waveguides and found that the behavior of the localized states is analyzed as a function of the length, of the position, and of the number of defective branches [26] . Zhang et al. studied the localized electromagnetic waves in three-dimensional networks of waveguides and observed Anderson localized states in the presence of defects or randomness [27] . Cheng et al. investigated the strong localization of photonics in symmetric Fibonacci superlattices [28] . Different from photonic localizations induced by the local effect of defect in photonic crystals, OWNs can generate stronger photonic localizations because of the resonant effect in the whole networks. In experiment, using standard coaxial cables as 1-D waveguide, Zhang et al. [27] and Aynaou et al. [29] studied the localized electromagnetic waves in 3-D networks of waveguides and quasiperiodic serial loop structures, respectively. Experiments and numerical calculations are in good agreement.
Very recently, it is found that a single-optical-waveguide ring (SOWR) can generate strong photonic localizations and the intensity of maximal photonic localization increases with the increment of loop length quantum number [30] . Although the structure of a SOWR is extremely simple, SOWRs suffer three disadvantages. First, the intensity of maximal photonic localization is not large enough, which usually reaches several orders of magnitude. Second, the growth rate of intensity of photonic localization is not fast because the relation between the intensity of maximal photonic localization and loop length quantum number is a quadratic function. Third, loop length quantum number is closely related to the machining precision of waveguide length, and a large value is difficult to be achieved in experiments because of the limitations of the microfabrication technology.
As we know, because of additional light confinement photonic localization can be generated by introducing structural defects in waveguide arrays [31] , and strongly localized modes with high transmission can also be found in some symmetric structures [28] , [32] . Tang et al. proposed symmetric two-segment-connected triangular defect waveguide network (STSCTDWN) and found that strong photonic localization can be found because of the waveguide-length defects [33] , [34] . Most importantly, these systems can generate the largest intensity of photonic localization which increases as an exponential function with the increment of the number of unit cells and as an inversesquared function with the decrement of the breaking degree of defects. Although STSCTDWNs have the above advantages, they still suffer from two disadvantages. First, the structures of them are all extraordinary complex. When every two unit cells are added because of the structural symmetry, twelve waveguide segments should be added in a STSCTDWN. The more the unit cells there exist, the more the waveguide segments are needed, which increases the difficulty of implement in experiments. Second, there are only two sites of maximal photonic localizations and the site number will not increase for different STSCTDWNs. The reason is that the largest intensity of photonic localization is located at the nodes connected with continuous defects. Herein, a symmetric defect waveguide-ring network (SDWRN) is presented to improve the properties of strong localizations. The SDWRN retains the STSCTDWN structure's advantages. Furthermore, the growth rate of intensity of photonic localization in SDWRNs is larger than that in STSCTDWNs when we change the matching ratio of arm lengths in perfect rings. Most importantly, the structure is greatly simplified compared with that of STSCTDWN. Only four waveguide segments need to be added when we add two rings in a SDWRN. The simplified structure will facilitate the implementation in experiments.
Compared with aforementioned structures, SDWRNs can generate stronger photonic localizations. In addition, there are three ways of increasing intensity of maximal photonic localization: choosing suitable matching ratio of arm lengths in perfect rings, increasing the number of perfect rings, and decreasing the breaking degree of a defect. For the first way, we divide SDWRNs into three types according to the matching ratio and find that one type will generate stronger photonic localizations than the other two types. For the second way, on the condition that the machining precision of waveguide length has not been improved we can obtain stronger photonic localizations by increasing the number of perfect rings in SDWRNs, which will reduce the difficulties in microfabrication process compared with improving the precision. For the third way, in order to change the breaking degree of a defect one can change the length of one waveguide segment in same rings by temperature compensation. In this paper, we study the optical transmission through SDWRNs and find photonic frequency of maximal photonic localization. The relationship among the intensity of maximal photonic localization and different structural parameters are obtained. Moreover, the maximal photonic localizations exist in waveguide segments, which are larger than those at nodes. The site positions and site number of maximal photonic localizations in SDWRNs are investigated. Our results provide potential applications as multi-channel high efficiency energy storages, narrow-bandwidth filters, optical switches, and other correlative optical devices. This paper is organized as follows. In Section 2, we introduce the structure of our designed SDWRNs, generalized eigenfunction method, and the method for calculating intensity of photonic localization. The numerical results and discussions of the maximal photonic localizations in SDWRNs are presented in Section 3. Finally, a conclusion is given in Section 4.
Model and Methods

Model
In [34] it is found that strong photonic localization can be generated because of resonance effects induced by continuous and symmetrical waveguide-length defects. If a waveguide network contains continuous and symmetrical waveguide-length defects, strong photonic localization will be generated. We change STSCTDWNs [33] , [34] into SDWRNs. This simplification can keep the property of strong localization in systems. Most importantly, the structures of SDWRNs are greatly simplified compared with STSCTDWNs, which will make the operation be more convenient in experiments.
Our studied SDWRNs are made up of 1-D vacuum optical waveguide segments and designed as follows: this kind of networks contain an odd number of rings, where an odd number of defect rings are located continuously and symmetrically in the middle of the systems while an even number of perfect rings are located on the two ends of the defect rings symmetrically. In SDWRNs the defects are all waveguide-length defects, but not material defects. In our study the waveguidelength defect means that the matching ratio of the waveguide length of the lower arm to that of the upper arm (MRWL) in a defect ring will be different from the MRWL in a perfect ring. The MRWL is d 2 : d 1 = n : 1 in a perfect ring, and the MRWL is d 3 : d 1 = (n ± d) : 1 in a defect ring; here, n is a positive integer and d is the breaking degree of a defect, which is ordered as 0 < d ≤ 0.1. i.e., there is a waveguide-length flaw in a defect ring compared to a perfect ring.
As an example, we plot the SDWRN with one defect in Fig. 1 (a). The SDWRN with three rings, one entrance and one exit can be seen in Fig. 1(a) . Rings I and III are perfect rings and ring II is a defect ring. d 1 , d 2 and d 3 are three kinds of waveguide lengths. Both the lengths of the optical waveguide segments connected with the entrance and exit are all d 1 . U and D denote the numbers of all the rings and the defect rings in SDWRNs, respectively. For example, in the system shown in Fig. 1(a) , U = 3, D = 1. In order to make clear the symmetry of defects, we plot the SDWRN with U = 11 and D = 3 in Fig. 1(b) . From Fig. 1 (b) one can see that three defect rings are located continuously and symmetrically in the middle of the systems while eight perfect rings are located on the two ends of the defect rings symmetrically.
Generalized Eigenfunction Method
In our study the networks are formed by segments of 1-D waveguides, where only monomode propagation of EM waves needs to be considered [35] . The EM wave function with angular frequency ω in any segment between nodes i and j can be regarded as a linear combination of two opposite traveling plane waves [35] :
where the wave vector k = ω/c and c is the speed of the EM wave in the vacuum. The wave function is continuous at each node:
where ψ i and ψ j are the wave functions at nodes i and j, respectively, and l ij is the length of the waveguide between nodes i and j. From (1) and (2), one can get
By means of the energy flux conservation and the local coordinate system one can deduce the following network equation [35] :
By use of (1) one can obtain the normalized wave functions of the entrance and exit as follows:
where r and t are reflection and transmission coefficients, respectively. From (4) and (5) one can obtain the relationship among the wave functions ψ i (i = 0, 1, 2, · · · , l + 1) in a finite SDWRN, which is a united equation set. Solving this united equation set one can obtain the transmissivity T as follows:
Evidently, it is not easy to solve the united equation set when the SDWRNs have many rings. In this paper we use the generalized eigenfunction method [35] to compute t, where the coefficients r and t are both treated as generalized wave functions. By calculating eigenvalues, one can obtain the transmissivity T and the intensity of photonic localization anywhere within a SDWRN. In this paper we define the intensity of photonic localization anywhere as
Numerical Results and Discussions
In this section we obtain photonic frequency of maximal photonic localization and investigate the influences of structural parameters on I max in detail. It is found that the SDWRNs with Consequently, in this section we only investigate the latter.
Photonic Frequency of Maximal Photonic Localization
In this paper, we introduce waveguide-length defects in waveguide-ring networks. This kind of structural defects in periodic structures provides additional light confinement for localized modes to occur. By comparing the transmission spectra of defective waveguide networks with those of perfect ones, one can find that there exist several groups of extreme narrow full-transport peaks (ENFTPs) in the transmission spectra of defective waveguide networks. One ENFTP in the transmission spectra represents one localized defect mode. The defective waveguide networks naturally allow destructive waves interference, enabling localization. When the incident EM waves with the frequencies of ENFTPs propagate in our designed defective waveguide networks, strong photonic localizations occur. In this subsection, we study the rules of ENFTPs in the transmission spectra of SDWRNs in order to find the photonic frequency of maximal photonic localization. According to the numerical results we find two points as follows.
1) The group number of ENFTPs and the number of ENFTPs in each group will not change with the number of rings U and the breaking degree of a defect d. The number of ENFTPs can be expressed as follows. i) The group number of ENFTPs is n + 1 when n is even, which we label as E i (i = 1, 2, ..., n + 1), respectively. For the central group E n 2 +1 , the number of ENFTPs is equal to the number of defects D . For other group E i (i = n 2 + 1), the number of ENFTPs is equal to 2. ii) The group number of ENFTPs is n − 1 when n is odd, which we label as O i (i = 1, 2, ..., n − 1), respectively. For each group O i , the number of ENFTPs is equal to 2. In order to label each ENFTP, we mark the qth ENFTP in the mth group as O m−q (E m−q ) for odd (even) n.
Taking SDWRNs with U = 3, D =1, and n = 2, 3 as an example, we plot the transmission spectra in Fig. 2 . We also plot the transmission spectra of corresponding perfect systems for comparison. From Fig. 2 one can see that there exist three (two) groups of ENFTPs in the transmission spectra for SDWRNs with n = 2 (n = 3) because of the introduction of waveguide-length defect. In order to distinguish the fine structure of each group ENFTP, we enlarge Fig. 2(c) and (d) in Figs. 3 and 4 . In Fig. 3 one can see that the numbers of ENFTPs in each group are 2, 1, and 2, respectively. Accordingly, the numbers of ENFTPs in each group are both equal to 2 in Fig. 4 . One can demonstrate the rule of the number of ENFTPs clearly.
2) When the frequency is in the range of 0 to 2πc/d 1 , the frequencies corresponding to each group of ENFTPs are about 2m n+1
when n is even; when n is odd, the frequencies corresponding to each group of ENFTPs are about 2m n+1
For example, when n is equal to 2, the frequencies corresponding to three groups of ENFTPs are about , respectively, which can be seen in Fig. 3 . When n is equal to 3, the frequencies corresponding to two groups of ENFTPs are nearly , respectively, which can be seen in Fig. 4 .
The ENFTP inside the gap is due to the introduction of a defect into periodic structures and the resonance effect associated to a defect ring which plays the role of a resonator. The transmittances in the gaps are inversely proportional to gapwidth and the resonance peak is sharper corresponding to larger gapwidth [28] . According to our numerical results, only when the frequencies of the incident EM waves are those of the ENFTPs nearest to 0.5πc/d 1 can the SDWRNs generate I max corresponding to the sharpest resonant peak.
The SDWRNs can be divided into three types according to three types of MRWL n: even number 2m, 4m − 1 and 4m + 1 types of odd number. We find that the SDWRNs with 4m − 1 type of odd number n can generate the ENFTP nearest to the frequency 0.5πc/d 1 in transmission spectra. Furthermore, it is exciting that for the SDWRNs with 4m − 1 type of odd number n there is always one group of ENFTPs which are almost located at 0.5πc/d 1 in spite of different m. On the contrary, for the SDWRNs with even number and 4m + 1 type of odd number n, the locations of the ENFTPs near to 0.5πc/d 1 change obviously for different m. Obviously, the SDWRNs with n = 4m − 1 can generate stronger photonic localizations than others.
In real fabrication the sizes of our designed structures can be adjusted according to the frequency of incident EM waves. For the SDWRNs with n = 4m − 1 which can generate stronger photonic localizations, the resonant frequency ν is about 0.5πc/d 1 [27] and [29] . For a coaxial cable, ψ denotes the voltage wave [27] .
Intensity of Maximal Photonic Localization I max
When the frequencies of the incident EM waves are those of the ENFTPs nearest to 0.5πc/d 1 , the SDWRNs can generate strongest photonic localizations. In addition, The intensity of the maximal photonic localization I max is closely related to the structural parameters U , d, n, and D for SDWRNs. According to above discussions one knows that for the SDWRNs with n = 4m − 1 there is always one group of ENFTPs which are almost located at 0.5πc/d 1 in transmission spectra, therefore, when the frequencies of the incident EM waves are those of the ENFTPs nearest to 0.5πc/d 1 , the SDWRNs with n = 4m − 1 can generate much larger I max than those with n = 4m − 1 because of the stronger resonance effect. For comparison, we discuss the relationship among I max and the structural parameters for three types of SDWRNs in this subsection.
Relationship Between I max and d:
From numerical results we find that the intensity of the maximal photonic localization I max increases with the decrement of the breaking degree of a defect d. The fitting formula can be expressed as follows:
where C 1 and C 2 are coefficients, and the coefficient C 1 in (8) can be shown as follows:
It is found that the intensity of maximal photonic localization I max is inversely proportional to ( d) 4 in SDWRNs with n = 4m − 1. In contrast, I max is inversely proportional to ( d) 2 in SDWRNs with n = 4m − 1. Obviously, when U and D keep constant in SDWRNs, the intensity of maximal photonic localization increases more rapidly in the SDWRNs with n = 4m − 1 with the decrement of d.
These results can be explained as follows. Due to the resonance effect induced by the waveguidelength defects, the smaller the d is, the sharper the resonant peak is, then the more the number of localized photonic state will be, and consequently, the larger the intensity of maximal photonic localization will be produced in SDWRNs. This is the physical mechanism that I max increases with the decrement of d in SDWRNs. The reason is similar to that for I max increases monotonously with the increment of loop length quantum number in a SOWR because it is by precisely controlling the lengths of the upper and lower arms to obtain large intensities of photonic localization in nature.
As an example, we take the SDWRNs with n = 2, 3, 5 as the representatives of the SDWRNs with three types of n and verify the fitting formula in (8) and (9) . The numerical calculation results obtained by the method in Section 2 are labeled by dots. The line denotes the fitted curve. From  Fig. 5 one can see all of dots are on the fitted curve. The numerical calculation results and the fitting results accord with each other. Additionally, with the decrement of d the intensity of maximal photonic localization I max increases more rapidly in the SDWRNs with n = 3 than those in the SDWRNs with n = 2, 5.
Relationship Between I max and U :
The intensity of the maximal photonic localization I max increases rapidly with the increment of the number of the rings U because of high reflectance when D and d keep constant. The relationship between I max and U can be written as follows: Table I . In (10) logI max increases linearly with the number of rings U . From Table I one can see that the SDWRNs with n = 4m − 1 can generate larger I max because the slope C 3 for the SDWRNs with n = 4m − 1 is evidently larger than those of the other two types of SDWRNs. For example, in Fig. 6 we plot the curves of logI max versus U . From Fig. 6 one can see that logI max is dependent proportionally on U and this is accord with (10) . Additionally, the slope for the SDWRNs with n = 3 is larger than those for the SDWRNs with n = 2, 5.
These results can be explained by the inverse participation ratio IPR. The definition of IPR can be shown as follows [27] :
We can use IPR as a measure of the spatial extension of a state [27] . In Fig. 7 , we plot the averaged IPR as a function of frequency for three sample sizes of SDWRNs with D = 1, d 2 : d 1 = 3 : 1, d 3 : d 1 = 2.9 : 1, and U = 3, 5, 7. From Figs. 2(d) , and 7(a) we can find two points as follows. (1) For frequencies in the passband, IPR approaches to the number of rings U and increases with sample size, accordingly, the states are extended ones. (2) As frequencies move into the gap, IPR is independent on the size, accordingly, the states become localized. When the frequencies are those corresponding to the ENFTPs, Fig. 7(a) can not give the fine structure of the distribution of IPR. In Fig. 7(b) we plot the enlarged drawing of the area corresponding to the first ENFTP O 1−1 . In Fig. 7(b) there exist two peaks and one valley in the distributions of IPR for the SDWRN with U = 3. In order to make clear the case for the SDWRNs with U = 5, 7, we plot the enlarged drawings in Fig. 7(c) and (d) . From Fig. 7(c) and (d) we find that the distributions of IPR for the SDWRN with U = 5, 7 have similar features, i.e., there exist two peaks and one valley. For some localized modes, the IPR varies with the frequency, which indicates that the mode patterns will change between on resonance and off resonance. In Fig. 7(b)-(d) the frequency corresponding to the valley is the resonance frequency of maximal photonic localization, i.e., the frequency corresponding to the ENFTP O 1−1 . In addition, the value of IPR is always equal to 2 at the frequency of maximal photonic localization, which is a signature of localized modes. By introducing waveguide-length defect in waveguide-ring networks ENFTPs exist in the gap. At the resonance the function of the perfect rings, which are located on the two ends of the defect rings symmetrically in the SDWRN, is similar to that of the mirror in the traditional Fabry-Perot interferometers. Thus, the behavior of resonance can be analogous to the Fabry-Perot resonance. With the increment of U , the resonant peak become sharper, and the localized states with the IPR values 2 are inclined to accumulate, indicating that the density of states becomes larger. Therefore, the intensity of maximal photonic localization I max increases with the increment of the number of rings U . not been improved, one can increase the intensity of maximal photonic localization I max by three ways: choosing optimal matching ratio of arm lengths in perfect rings, i.e. n = 4m − 1, increasing the number of rings U in SDWRNs with D = 1, and decreasing the breaking degree of a defect d by temperature compensation. For SDWRNs increasing the number of perfect rings is easier to implement in microfabrication process compared with improving the precision. In addition, in order to change the breaking degree of a defect one can change the length of one waveguide segment in same rings by temperature compensation. In order to study the super-strong photonic localizations in SDWRNs, in the following subsection, we only discuss the SDWRNs with n = 4m − 1 and D = 1.
Site of Maximal Photonic Localizations
In this subsection, we investigate the site positions and site number of maximal photonic localizations of SDWRNs with D = 1 and n = 4m − 1. For the EM waves with the frequency of ENFTPs nearest to 0.5πc/d 1 , the rules of site number and site positions can be expressed as follows.
i) The site number of maximal photonic localizations is decided by n. Additionally, it will not change with U and d. Specifically, the site number of maximal photonic localizations is equal to (n + 1)/2.
ii) It is found that the sites of maximal photonic localizations are all located on the lower arm of the defect ring, i.e., they are all located on the arm which there exists a waveguide-length defect. We define the distance from the qth site of maximal photonic localization to the left node of the defect ring as x q . x q remains almost the same with the increment of U . In addition, x q tends to be stable with the decrement of d. From numerical results, x q can be expressed as the following equation when d ≤ 10 −2 :
In order to confirm the correctness of above rules, we have studied the SDWRNs with U = 3, D = 1, d = 0.01, and n = 3, 7 as examples and obtained the distribution of the intensity of photonic localization I in Figs. 9 and 10. From Fig. 9 one can clearly see that there are two sites of maximal photonic localizations on the lower arm of the defect ring for the SDWRN with n = 3, and the positions of them are x 1 = 0.5 and x 2 = 2.5, respectively (shown in Fig. 9(e) ). From (12) one can obtain that there are four sites of maximal photonic localizations in the SDWRN with n = 7, and the positions of them are x q = 0.5, 2.5, 4.5, and 6.5 (q= 1, 2, 3, and 4), respectively, which are accord with the results shown in Fig. 10(e) .
The determination of the site positions of the maximal photonic localization in SDWRNs helps to determine the connection positions of energy storage device. Therefore, the decided site number 
and site positions for constant n make SDWRNs suitable to be designed as a multi-channel high efficiency energy storage device, and it is convenient for the experimental operation.
Conclusion
We design SDWRNs being capable of producing super-strong photonic localizations and study the features of I max and site of maximal photonic localizations.
Firstly, there exist several groups of ENFTPs in the transmission spectra of SDWRNs after introducing waveguide-length defects. We study the rules of ENFTPs and find out the photonic frequency of maximal photonic localization, i.e., only when the frequencies of the incident EM waves are those of the ENFTPs nearest to 0.5πc/d 1 can the SDWRNs generate I max because of the strongest resonance effect. It is found that the SDWRNs with 4m − 1 type of odd number n can generate the ENFTP nearest to the frequency 0.5πc/d 1 in transmission spectra. Furthermore, there is always one group of ENFTPs which are almost located at 0.5πc/d 1 in spite of different m. Therefore, the SDWRNs with n = 4m − 1 can generate stronger photonic localizations than others.
Secondly, we investigate influences of structural parameters U , d, and D on I max and obtained the fitting formulas. It is found that I max increases as an exponential function with the increment of U , and I max is inversely proportional to ( d) 4 in SDWRNs with n = 4m − 1. In addition, I max decreases rapidly with the increment of D . Obviously, the SDWRN with U = 3, D = 1, d 2 : d 1 = 3 : 1, and d 3 : d 1 = 2.9 : 1 is the simplest structure in our study. Furthermore, one can obtain stronger photonic localizations by increasing U and decreasing d. The former will reduce the difficulties in microfabrication process compared with improving the precision. The latter can be obtained by changing the length of one waveguide segment in same rings by temperature compensation. In addition, our studied SDWRNs can improve filtering quality as a filter. On the one hand, peaks with perfect transmission are always obtained in SDWRNs. EM waves at the full-transport resonance can tunnel through the tunneling barrier, without loss of power, but at other frequencies they are reflected. This property is important in tunable filters. On the other hand, high-Q filter structures have potential applications in optical communication applications. The Q factor of the SDWRNs can be increased by three ways: increasing the number of the rings, decreasing the breaking degree of a defect, and choosing optimal matching ratio of the waveguide length of lower to upper arm. . The decided site number and site positions for constant n make SDWRNs suitable to be designed as a multi-channel high efficiency energy storage device, and it is convenient for the experimental operation.
In conclusion, our designed SDWRNs can generate super-strong photonic localizations and possess potential applications for designing multi-channel high efficiency energy storage devices, optical switches, high power super luminescent light emitting diodes, and so on.
